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Abstract. In the rectangle with known boundary we consider a coefficient inverse problem for the 

degenerate parabolic equation with given initial condition, Dirichlet boundary conditions and the values of 

the heat moments as the overdetermination conditions. The minor coefficient of the equation is a polynomial 

of the first power with respect to the space variable with two unknown time-dependent coefficients. The 

degeneration of the equation is caused by the power function at the time derivative. Applying the Schauder 

fixed-point theorem we establish conditions of existence of the classical local in time solution to this 

problem. The global uniqueness is based on the properties of the solutions of the integral Voltera equations 

of second kind with integrable kernels. The case of weak degeneration is investigated. 

Keywords: inverse problem, minor coefficient, parabolic equation, weak power degeneration, integral 

overdetermination condition.  
 

Introduction. Inverse problems arise when under given consequences we have to find the 

reasons causing them. Investigation of such problems is urged by the need of solving problems 

applying in geophysics, medicine, engineering, finance and other sciences. In this paper, we will talk 

about inverse problems with unknown time-dependent coefficients. Degenerate parabolic problems 

arise in a lot of fields of nature and sciences. Applications of such problems include the mathematical 

model of the flow in a porous media, propagation of the thermal waves in plasma and others.  

For today the inverse problems of determination of the time-dependent both major and minor 

coefficients in the parabolic equation without degeneration are studied sufficiently full (see [1]-[6] and 

a bibliography of them).  

In the papers [7]-[9] the conditions of the correct solvability of the inverse problems of 

identification of the time-dependent major coefficient in the degenerate parabolic equation are 

established. Both cases of weak )10(    and strong )1(   power degeneration are investigated.  

The conditions for existence and uniqueness of classical solutions of inverse problems of 

identification of the minor coefficient in the parabolic equation 

),(),()()( txfutxcutbuttau xxxt +++= 
 

for different sets of boundary and overdetermination conditions are found in [10], [11], while the 

simultaneous determination of two coefficients )(),( tbbtaa ==  – in [12]. In the paper [13] it is 

investigated the inverse problem for determination of the coefficient ],0[,0)(),( Tttataa =  in 

the parabolic equation with degeneration at the time derivative of unknown function.   

The goal of this paper is to establish the conditions of existence and uniqueness of the classical 

solution to the inverse problem for determination of the time-dependent functions in the minor 

coefficient in a parabolic equation with degeneration caused by the power function at the time 

derivative of unknown function. 

1. Statement of the problem. In a domain  TthxtxQT = 0,0:),(  we consider an 

inverse problem for determination of the time-dependent coefficients ),(11 tbb =  ),(22 tbb = in the one-

dimensional parabolic equation 

),(),())()(()( 21 txfutxcutbxtbutaut xxxt ++++=
                           (1) 
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with initial condition  

],,0[),()0,( hxxxu =                                              (2) 

boundary conditions  

],0[),(),(),(),0( 21 Tttthuttu ==                                  (3) 

and overdetermination condition  

],,0[,)(),(
0

3 Tttdxtxu
h

=                                           (4) 

].,0[,)(),(
0

4 Tttdxtxxu
h

=                                          (5) 

Definition. A triplet of functions ( ) )()(],0[),,( 0,11,22
21 TT QCQCTCubb   is called a 

solution to the problem (1)-(5) if it verifies the equation (1) and conditions (2)-(5). 

We will investigate the case of weak degeneration, when .10    Applying the Schauder 

fixed-point theorem there is established conditions of existence of the solution to the named problem. 
The proof of the uniqueness is based on the properties of the solutions to the homogeneous integral 
Voltera equations of the second kind with integrable kernels. 

2. Existence of solution to the problem (1)-(5).  

Theorem 1. Suppose that the following conditions hold: 

A1) )(,],,0[,0)(],,0[,4,1],,0[],,0[ 12
Ti QCfcTttaTCaiTChC =

 
and satisfy the 

Hölder condition with respect to x  uniformly to t  with indicator ;10,   

A2) ];,0[)(2)()()()()( 421232 Tt 0,)tt)(htt(-)t-t(h 22 −−  

A3)   ====
h h

dxxxdxxh
0 0

4321 .)0()(),0()(),()0(),0()0(  

Then the problem (1)-(5) has the solution ),,( 21 ubb  for ],0[ hx  and ],,0[ 0Tt  where the number 

TTT  00 0, is defined by the problem data. 

Proof. First, we reduce the problem (1)-(5) to the equivalent system of equations. For this 
aim, we make the substitution in the problem (1)-(5): 

( ).)0()0()()()()0()(),(~),( 12121 +−−++−+= tt
h

x
txtxutxu            (6) 

As a result we obtain the equation with respect to the function ),(~ txu : 

( )

( )

( )







+−−++−+

+







+−−++++

+−−−++++=




)0()0()()()()0()(),(

)0()0()()(
1

)('))()(()('')(

)(')(')('),(~),(~))()((~)(~

12121

121221

12121

tt
h

x
txtxc

tt
h

xtbxtbxta

tt
h

xt
tttxfutxcutbxtbutaut xxxt

    

(7) 

and homogeneous initial and boundary conditions   

],,0[,0)0,(~ hxxu =                                                         (8) 

].,0[,0),(~),0(~ Ttthutu ==                                                  (9) 

The problem (7)-(9) is equivalent to the integro-differential equation 

( )+






−


−−++=  






t h

h
fubbtxGtxu

00
121211 )(')(')('),(),(~))()((),,,(),(~  

( ) +







+−−++++ )0()0()()(

1
)('))()(()('')( 121221

h
bba          (10) 

( ) .),(,)0()0()()()()0()(),( 12121 TQtxdd
h

c 











+−−++−+ 


  
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We denote by ),,,(1 txG  the Green function of the first boundary-value problem for the 

equation  

.)( xxt utaut =  

Put ).,(),( txutxv x  Using (6), (10), we reduce the direct problem (1)-(3) by the system of 

integral equations with respect to unknown functions :),(),,( txvvtxuu ==  

( )++−−++−= )0()0()()()()0()(),( 12121 tt
h

x
txtxu  

( ( )+−


−−+++



  )(')(')('),(),())()((),,,( 121
00

211
h

fvbbtxG
t h

       (11) 

( ) ,)0()0()()()()0()(),()('')( 12121 











+−−


++−++ dd

h
ca  

( )++−−+= )0()0()()(
1

)('),( 1212  tt
h

xtxv  

( ( )+−


−−+++



  )(')(')('),(),())()((),,,( 121
00

211
h

fvbbtxG
t h

x       (12) 

( ) ,)0()0()()()()0()(),()('')( 12121 











+−−


++−++ dd

h
ca

 
We obtain the equation (11) differentiating (10) with respect to space variable .x  To find an 

equation for the functions )(11 tbb = , )(22 tbb =  we multiply the equation (1) by 1,0, =kxk

respectively and integrate it using the conditions (2)-(5): 

( ) ( ) ( )



−−








+−−−= 

− )()(),(),(),(),0(),()()(')( 32
0

3
1

1 tthdxtxftxutxctvthvtatttb
h

  (13)
 

( ) ( ) ( ) ],,0[,)()(),(),(),()()(),()()(' 12
0

124 Ttttdxtxftxutxcxttthhvtatt
h





−








+−+−−− 


 

( ) ( ) ( )



−−








+−+−−= 

− )()(),(),(),()()(),()()(')( 32
0

124
1

2 tthdxtxftxutxcxttthhvtatttb
h

 

( ) ( ) ( ) ].,0[,)(2)(),(),(),(),0(),()()(' 42
2

0
3 Tttthdxtxftxutxctvthvtatt

h
−








+−−−− 

   (14) 

Thus the inverse problem (1)-(5) we reduce to the equivalent system of equations (11)-(14). It 

means that if a triplet of functions ),,( 21 ubb  is a solution to the problem (1)-(5), then ),,,( 21 bbvu  is 

a continuous solution to the system of equations (11)-(14) and contrary if 

( ) ( )2
2

21 ],0[)(),,,( TCQCbbvu T   is a solution to the system of equations (11)-(14) then 

),,( 21 ubb  is a solution to the problem (1)-(5).  

Now we prove the existence of the solution to the system of equation (11)-(14). First of all we 

establish the behavior of the integrals in the right-hand sides of the formulas (11), (12). Taking into 

account the known estimate [14, p. 469]  

,
)()(

)(
exp))()((|),,,(|

2

2
2

21

1 













−

−
−−

++
−

t

y
CtCtyGDD

sr

s
y

r
t                  (15) 

where     tsrorsrsr =+=+ ,2212,2,1,0,1,0  and  = −t
dt

0
,)(  we obtain  
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( ( )+−


−−++



  )(')(')('),(),())()((),,,( 121
00

2111
h

fvbbtxGJ
t h

 

( ) 











+−−


++−++ dd

h
ca )0()0()()()()0()(),()('')( 12121

 

,
)()(

)(
exp))()(( 4

0 0

2

2
2

1

3 tCdd
t

x
CtC

t h
















−

−
−−  

−
 

( ( )+−


−−++



  )(')(')('),(),())()((),,,( 121
00

2112
h

fvbbtxGJ
t h

x  

( ) 











+−−


++−++ dd

h
ca )0()0()()()()0()(),()('')( 12121

 

.

1)()()()(

)(
exp))()((

0

1

0
1

2

1

76

0 0

2

2
1

5   
+

+

−

−


−


















−

−
−−

tt h

z

dz
tC

t

d
Cdd

t

x
CtC  

It means that integrals in the right-hand sides of the formulas (11), (12) tend to zero when 
.0→t   

We represent the system of equations (11)-(14) as an operator equation 

PWW =  

where ),,,( 21 bbvuW =  and the operator P  is determined by the right-hand sides of the equations 

(10)-(14) respectively. 

Let ,T21 Q (x,t)  , M| v(x,t)|, M |u(x,t)|   where 2,MM1  denote some positive 

constants. We will choose them below. Then from (13), (14) we deduce  

T],[0, t  , M
 |min

)M+M+(1C
|WP| 3

T][0,t

218
3 






|
                                                     (16) 

T].[0, t  , M
 |min

)M+M+(1C
|WP| 4

T][0,t

219
4 






|
                                                    (17) 

Using this estimates in (11), (12) we find 

( ) T],[0, t ,tt
h

x
txtC|WP|

TQtx
1 +−−++−+


)0()0()()()()0()(max 12121

),(
10    (18) 

( ) T].[0, t ,tt
h

xtC|WP|
TQtx

2

1

2 +−−++


+

)0()0()()(
1

)('max 1212
),(

11              (19) 

Now we choose the number ( ),)0()0()()()()0()(max 12121
),(

1 +−−++−


tt
h

x
txM

TQtx

 

( ))0()0()()(
1

)('max 1212
),(

2 +−−+


tt
h

xM
TQtx

 and the number TTT  00 0,  such that  

( ) ,)0()0()()()()0()(max 112121
),(

010 Mtt
h

x
txTC

TQtx
+−−++−+



 

( ) .)0()0()()(
1

)('max 21212
),(

12 Mtt
h

xtC
TQtx

2

1

+−−++


+
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In the Banach space ( ) ( )20

2
],0[)(

0
TCQCB T =  we choose the set  

}.|)(|,|)(|,|),(|,|),(|:),,,{( 42312121 MtbMtbMtxvMtxubbvuN =   

We conclude due to obtaining a priori estimates that N  is convex and the operator P  maps it 

into itself. The compactness of the operator P  can be proved as in [13]. Thus, all conditions of the 

Schauder fixed-point theorem are fulfilled. It means that there exists the solution to the system of 

equations (10)-(14) when ],0[],0[),( 0Thtx   and correspondingly to the problem (1)-(5) when 

],0[],0[),( 0Thtx  . The Theorem 1 is proved.  

3. Uniqueness of solution to the problem (1)-(5). 

Theorem 2. If the condition  

],0[)(2)()()()()( 421232 Tt 0,)tt)(htt(-)t-t(h 22 −−
 

hold then the solution ),,( 21 ubb  to the problem (1)-(5) is unique. 

Proof. Suppose that the problem (1)-(5) has two solutions .2,1),,,( 21 =iubb iii   

The differences of these solutions we denote by 

).,(),(),(),()()(),()()( 212221212111 txutxutxutbtbtbtbtbtb −=−=−=  They satisfy the equation 

Txxxxt Qtxutbxtbutxcutbxtbutaut +++++= ),(,))()((),())()(()( 2212111         (20) 

with conditions 

],,0[,0)0,( hxxu =                                                      (21) 

],,0[,0),(),0( Ttthutu ==                                             (22) 

 =
h

Ttdxtxu
0

],,0[,0),(                                                  (23) 

 =
h

Ttdxtxxu
0

].,0[,0),(                                                 (24) 

With the aid of the Green function ),,,(*
1 txG  of the first boundary-value problem for the 

equation  

utxcutbxtbutaut xxxt ),())()(()( 2111 +++=
                              (25) 

 

we represent the solution to the problem (20)-(22) in the form  

( ) .),()()(),,,(),(
00

221
*
1 +=    ddubbtxGtxu

t h
                                              (26) 

Differentiating (32) with respect to x  we obtain 

( ) .),()()(),,,(),(
00

221
*
1 +=    ddubbtxGtxu

t h

xx                                               (27) 

Now we multiply the equation (20) by 1,0, =kxk
 respectively and integrate it using the 

conditions (21)-(24): 

( )



−−








+= 

− )()(),(),(),()()( 12
0

1
1 ttdxtxutxxcthhutatb

h

x   

( ) ( ) ],,0[,)()(),(),(),0(),()( 32
0

Tttthdxtxutxctuthuta
h

xx 



−








+−−                (28) 

( )



−−








+= 

− )()(),(),(),()()( 12
0

1
2 ttdxtxutxxcthhutatb

h

x  

( ) ( ) ].,0[,)(2)(),(),(),0(),()( 42
2

0
Tttthdxtxutxctuthuta

h

xx 



−








+−−           (29) 
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Substituting (26), (27) into (28), (29) we obtain the system of homogeneous integral Voltera 

equations of second kind with respect to ).(),( 2211 tbbtbb == The kernels of this system are 

integrable since we investigate the case of weak degeneration. It implies that it has only trivial solution  

].,0[,0)(,0)( 21 Tttbtb ==  

Using this equality in the problem (20)-(22) we find  

].,0[],0[),(,0),( Thtxtxu =  

Theorem 2 is proved. 

Remark. The degenerate parabolic equation can be generalized by changing the power 

function 
t  on monotone increasing function )(t =  such that ],0(,0)( Ttt   and .0)0( =  

It is evident that in the case of weak degeneration when 0
)(

lim
00

=
→

t

t

d




 the statements of the Theorem 

1 and Theorem 2 hold true. 

Conclusion. There are established the sufficient conditions of existence and uniqueness of the 

classical solution to the inverse problem of identification of the time-dependent functions in the minor 

coefficient in the weakly degenerate parabolic equation.  
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