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Abstract. In the rectangle with known boundary we consider a coefficient inverse problem for the
degenerate parabolic equation with given initial condition, Dirichlet boundary conditions and the values of
the heat moments as the overdetermination conditions. The minor coefficient of the equation is a polynomial
of the first power with respect to the space variable with two unknown time-dependent coefficients. The
degeneration of the equation is caused by the power function at the time derivative. Applying the Schauder
fixed-point theorem we establish conditions of existence of the classical local in time solution to this
problem. The global uniqueness is based on the properties of the solutions of the integral Voltera equations
of second kind with integrable kernels. The case of weak degeneration is investigated.
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Introduction. Inverse problems arise when under given consequences we have to find the
reasons causing them. Investigation of such problems is urged by the need of solving problems
applying in geophysics, medicine, engineering, finance and other sciences. In this paper, we will talk
about inverse problems with unknown time-dependent coefficients. Degenerate parabolic problems
arise in a lot of fields of nature and sciences. Applications of such problems include the mathematical
model of the flow in a porous media, propagation of the thermal waves in plasma and others.

For today the inverse problems of determination of the time-dependent both major and minor
coefficients in the parabolic equation without degeneration are studied sufficiently full (see [1]-[6] and
a bibliography of them).

In the papers [7]-[9] the conditions of the correct solvability of the inverse problems of
identification of the time-dependent major coefficient in the degenerate parabolic equation are
established. Both cases of weak (0 < f <1) and strong (£ >1) power degeneration are investigated.

The conditions for existence and uniqueness of classical solutions of inverse problems of
identification of the minor coefficient in the parabolic equation
u, = a(t)t’u,, +b(t)u, +c(x,tu+ f(x,t)
for different sets of boundary and overdetermination conditions are found in [10], [11], while the
simultaneous determination of two coefficients a =a(t), b=b(t) — in [12]. In the paper [13] it is
investigated the inverse problem for determination of the coefficient a =a(t), a(t) >0,t<[0,T] in

the parabolic equation with degeneration at the time derivative of unknown function.

The goal of this paper is to establish the conditions of existence and uniqueness of the classical
solution to the inverse problem for determination of the time-dependent functions in the minor
coefficient in a parabolic equation with degeneration caused by the power function at the time
derivative of unknown function.

1. Statement of the problem. In a domain  Q, ={(x,t):0<x<h,0<t<T} we consider an
inverse problem for determination of the time-dependent coefficients b, = b,(¢), b, = b, (¢), in the one-
dimensional parabolic equation

tBut =a(t)u,, + (b ()x+by(t))u, +c(x,)u+ f(x,t) Q)
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with initial condition

u(x,0) = o(x), xe[0,h], 2
boundary conditions
u@,t) =, (t), u(ht)=p,(t), te[0,T] (3)
and overdetermination condition
Tu(x.0dx =y (0), 1[0, (@)
0
Txu(r, 0dx = 1y(0), 1 <[0,7], (5)
0

Definition. A triplet of functions (b;,b,,u) € (C[O,T])2 x C2! Or)n ch0 (Q_T) is called a
solution to the problem (1)-(5) if it verifies the equation (1) and conditions (2)-(5).
We will investigate the case of weak degeneration, when 0 < £ <1. Applying the Schauder

fixed-point theorem there is established conditions of existence of the solution to the named problem.
The proof of the uniqueness is based on the properties of the solutions to the homogeneous integral
Voltera equations of the second kind with integrable kernels.

2. Existence of solution to the problem (1)-(5).

Theorem 1. Suppose that the following conditions hold:

Al) ¢ € C*[0,h], u;€ C[0,T],i =1,4,a € C[0,T], a(t) >0, t €[0,T], ¢, f € C(Qr) and satisfy the
Hélder condition with respect to X uniformly to t with indicator «,0< «a <1;

A2) (i () - 13 (6)7 - (o () =y (D)(B 1y () =204 () ) £ 0, t€[0,TT;
A3) 11(0) =@(0), u, (0) = @(h), E(p(x)dx =u3(0), zxcp(x)dx =4 (0).

Then the problem (1)-(5) has the solution (b;,b,,u) for x €[0,h] and t €[0,T,], where the number
Ty, 0< Ty <T is defined by the problem data.

Proof. First, we reduce the problem (1)-(5) to the equivalent system of equations. For this
aim, we make the substitution in the problem (1)-(5):

u(x,1) =u(x,1) +(P(x)_(P(O)+ul(t)+%(Hz(t)_Ml(t)_“2(0)+“1(0))- (6)

As a result we obtain the equation with respect to the function U (X,t):

B~ - ~ ~ B thx , ,
Uy = a(O g + (b ()X + by () +c(x,0)u + f(x,1) =171y '(1) —T(Hz () —1y'(0)+
+a(0)"(x) + (b (1)x+ by (t))(cp'(x) +%(uz(t) —u () —pa(0)+ ul(O))j + 0

+e(x, f)((P(x) —0(0)+py (1) + %(Mz O = (O =12 (0)+1y (0))j

and homogeneous initial and boundary conditions

u(x,0)=0, xe[0,h], (8)
u(O,t)=u(h,t)=0,t<[0,T]. 9)
The problem (7)-(9) is equivalent to the integro-differential equation

- th ~ B ] TﬁE.a [} [
10,0 = 11G1 (8] (B (D8 +by (DN (B0 + /(&) =Ty (D) —T(MZ (V- '(V)+
+a(0)" (&) + (b (Vg + b, (T))((P’ &)+ %(m(r) — (1) — 1, (0) + u1<0))j + (10)

+C(§,r)(¢(§)—w(O)+#1(r)+§(ﬂz(f)—#1(r)—#2(0)+ﬂ1(0))Dd§df, (x)<Qr.
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We denote by G,(x,t,&,7) the Green function of the first boundary-value problem for the
equation

tPu, =a(tyu,,.
Put v(x,t) =u, (X,t). Using (6), (10), we reduce the direct problem (1)-(3) by the system of
integral equations with respect to unknown functions u =u(Xx,t), v=v(xt):

u(x,f)=<P(x)—(P(0)+H1(f)+%(Mz(¢)—ul(f)—uz(0)+Ml(O))+

th B TB& . .
+1G (x,6,5,7) (B (DE+ D, (V(E D) + f(E,1) T p, (T)—T(Hz (-w'(D)+ (1)

+a(1)9" (&) +c(C, T)((P(é) = @(0)+py (1) + %(Mz (D=1 (D) =12 (0) + 1y (0))D dedr,

VX = 00+ (0 - O 0)+ 14O+

th B 1 TB& ' '
10 (01.87) (B (DE+by (DWV(E D+ f(E,1) Py (1) —7(u2 O-w'®)+ (12

+a(r)@"(é)+c<a,r)(cp<a)—<p(0>+ul(r>+%(u2<r)—ul(r>—u2<0>+u1(0>)jj dt dr,

We obtain the equation (11) differentiating (10) with respect to space variable x. To find an
equation for the functions by =b(¢), b, =b,(¢) we multiply the equation (1) by * k=01
respectively and integrate it using the conditions (2)-(5):

A By H
by(t)= A ((t w3 () = a(@)(v(h,1) = (0,1))— g)(c(x,»u(x,r)+f(x,r>)dx](hu2(r>—u3<r))— (13)
—(rﬁw(z)—a(r)(hv(h,r>—u2(z)+ul(r))—'gx(cu,r)u(x,r)+f<x,t>)dx)(uz<t>—ul(r))} te[0,7],
by (1) = A{(z%'(z) —a()(hv(h,0) = py () + py (1)) - zx(cu, Du(x, 1)+ f(x, t))dx](huzm —13(0))-

B, h 2
—[r us'(6) = a(@)(v(h,1) = v(0,1)) - é(c(x,au(x,r)+f<x,r))dxj(h (0 -2us()) 1€[0,T]. (14)

Thus the inverse problem (1)-(5) we reduce to the equivalent system of equations (11)-(14). It
means that if a triplet of functions (b;,b,,u) is a solution to the problem (1)-(5), then (u,v,b;,b,) is
a continuous solution to the system of equations (11)-(14) and contrary if
(u,v,by,by) € (C(Q_T))2 X (C[O, T])2 is a solution to the system of equations (11)-(14) then
(by,b,,u) is a solution to the problem (1)-(5).

Now we prove the existence of the solution to the system of equation (11)-(14). First of all we

establish the behavior of the integrals in the right-hand sides of the formulas (11), (12). Taking into
account the known estimate [14, p. 469]

1+2r+s 2
" rys Caen 2 o =)
| D/ D}G(y.1.0,9) [< €, (0() - (1) exp( C2 50 e(f)} (15)

where 7 € {0,1}, s € {0,1,2}, 2r+s=1or2r+s=2,1<t and 0(¢) = ?c_ﬁdcs, we obtain
0
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th B tﬁﬁ ' '
Jy = (j)(J)Gl(x,t,i,r)((bl(r)§+bz(r))v(§,r)+f(i,r) — (r)—T(M2 (1) -, '(1))+

+a(1)e" (&) +c(&, T)((P(?';) =0(0)+uy (7) + %(Mz (D=1 (D) =12 (0) + 1y (0))D dédt <

(x=8)°

e(t) e(r) ]d(t3 dr< C4t,

th 1
<Cs[[(6(t)-6(r)) 2 exp[—
00
th [3 ' TB% ' '
J2 =|[1Gr (6680 (B (D8 +hy(MWED+ (& D) =y () ===y (M- w' (D)

+a(1)e" () + (S, T)((P(&) —0(0)+py(v) + %(Mz (D=1 (D) =12 (0) +1y (0))D dédt<

<[00 -0 ))‘1ex[ ¢, (=8 J I
=8 R BT ,/79(0 ) -

It means that integrals in the right-hand sides of the formulas (11), (12) tend to zero when
t— 0.

We represent the system of equations (11)-(14) as an operator equation

W =PW

where W = (u,v,b;,b,) and the operator P is determined by the right-hand sides of the equations
(10)-(14) respectively.

Let |uxt)|<M,,|vxt)|<M,, (x,t)eQT, where M ;,M, denote some positive
constants. We will choose them below. Then from (13), (14) we deduce
Cy(1+M;,+M,)

| PW < in|A =M;, te[0,T], (16)
te[0,T]
Co(I+M,+M,)
| P [ =2 min|]A| =M, 1€[0,T]. (17)
te[0,1]

Using this estimates in (11), (12) we find
| W [ Cot + nax. O(x) = @(0) +py (1) +— (uz(t)—ul(t)—uz(0)+u1(0))1,te[0,T], (18)

1+

| W |<Cpyt 2 + max
(xyt)EQT

9'(x) + %(Hz () =1y () =12 (0) + 1y (0))(, te[0,T]. (19)

Now we choose the number A/, > max
(x.)eQr

©(x) = @(0) + 1 (1) +%(H2(¢) (@) —pa (0) + M1(0))1,

M, > max
(x,1)€Qr

¢'(x) +%(u2 &) —py (1) —p,(0) +u1(0))1 and the number 7,,,0 < T, <T' such that

x,t)eQr
1+B

Cipt 2 + max
(x,0)€0r

(P(x)—(P(O)+H1(f)+%(Nz(¢)‘“1(f)—ﬂz(0)+H1(O)* <M,

cp'(X)+%(uz(t)—ul(t)—uz(0)+u1(0))1SMz-
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In the Banach space B = (C@TO ))2 x (CT0,7,1)* we choose the set
N ={(u,v,b;,by) € B: u(x,t) [S My, | v(x,0) [S My, | by (1) [< M3, [ by () [< M 45

We conclude due to obtaining a priori estimates that N is convex and the operator P maps it
into itself. The compactness of the operator P can be proved as in [13]. Thus, all conditions of the
Schauder fixed-point theorem are fulfilled. It means that there exists the solution to the system of

equations (10)-(14) when (x,t) €[0,h]x[0,T,] and correspondingly to the problem (1)-(5) when
(x,t) €[0,h]x[0, T,]. The Theorem 1 is proved.

3. Uniqueness of solution to the problem (1)-(5).
Theorem 2. If the condition

(i (0)-13(1))° - (1o () =1y () (W y (1) = 204 (1)) # 0, 1 €[0,T]
hold then the solution (b;,b,,u) to the problem (1)-(5) is unique.
Proof. Suppose that the problem (1)-(5) has two solutions (by;,b,;,u;),i=12.
The differences of these solutions we denote by
by(t) = by (t) = by (1), by (t) = by (1) = byy (1), u(x,t) = uy(x,t) —u, (x,1). They satisfy the equation
Pu, = a(tyu + (b (Ox + by (D), +c(x,u+ (b (Ox + by (uy,, (.)€Op  (20)
with conditions

u(x,0)=0, xel0,h], (21)
u(0,t) =u(h,t)=0, te[0,T], (22)
}Jlu(x, Hdx=0, te[0,T], (23)
0
?xu(x, Hdx=0, te[0,T]. (24)
0

With the aid of the Green function G, (x,t,&,7) of the first boundary-value problem for the
equation
P, = @O + (by (0% +bay (O, +c(x, ) (25)

we represent the solution to the problem (20)-(22) in the form

() = 1G] (b (0 + b (Db (5, Ml (26)
Differentiating (32) with respect to x we obtain
() = 1167, (£ by (0 + b (D b (B, Ml @7

Now we multiply the equation (20) by xk, k =0,1 respectively and integrate it using the
conditions (21)-(24):

bi(t) = A‘{(a(t)hux(h,z) + ?xc(x,z)u(x,z)dx](uz (- (0))-
0
- (a(t)(ux (hs t) - ux (Os t))+ I(J:C(xg t)u(xat)dxj(hMZ (t) - Hs (t))jﬁ te [0’ T]9 (28)
by(t) = A‘l((a(z)hux(h,z) + Txe(e0u(x, r)dxj(uz ()~ (1))~
0

—(a(t)(ux(h,t)—ux(O,t))+zc(x,t)u(x,t)dx)(hzuz(t)—2u4(t))], 1 €[0,T7]. (29)
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Substituting (26), (27) into (28), (29) we obtain the system of homogeneous integral Voltera
equations of second kind with respect to b, =b;(¢),b, =b,(t). The kernels of this system are
integrable since we investigate the case of weak degeneration. It implies that it has only trivial solution

b (t)=0,b,(t)=0,t€[0,T].

Using this equality in the problem (20)-(22) we find

u(x,t) =0, (x,t) €[0,h]x[0,T].

Theorem 2 is proved.

Remark. The degenerate parabolic equation can be generalized by changing the power
function t” on monotone increasing function y = (t) such that y(t) >0,t<(0,T] and y(0)=0.

dr

t
It is evident that in the case of weak degeneration when lim | =0 the statements of the Theorem

=0/ (7)

1 and Theorem 2 hold true.

Conclusion. There are established the sufficient conditions of existence and uniqueness of the
classical solution to the inverse problem of identification of the time-dependent functions in the minor
coefficient in the weakly degenerate parabolic equation.
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